ABSTRACT. In this paper, we study the set R (p) g of possible Picard numbers of abelian varieties of dimension g over algebraically closed fields of characteristic p > 0. We show that many of the results for complex abelian varieties have analogues in positive characteristic: non-completeness in dimension g ≥ 2, asymptotic completeness as g → +∞, structure results for abelian varieties of large Picard number. On the way, we highlight and discuss new characteristic p > 0 features and pathologies: non-additivity of the range of Picard numbers, supersingularity index of an abelian variety, dependence of R (p) g on p, relation to the p-rank and the Newton polygon.
INTRODUCTION
Let g ≥ 1 be an integer. In this note we would like to study the set R (p) g of possible Picard numbers of abelian varieties of dimension g over algebraically closed fields of characteristic p > 0. This is a continuation of the earlier work [6] .
For a smooth projective variety X over an algebraically closed field K, the Néron-Severi group NS(X) of X is the set of divisors modulo algebraic equivalence. By Severi's Theorem of the base, it is known that NS(X) is a finitely generated abelian group, and its rank ρ(X) := rank NS(X) is called the Picard number of X. The Picard number is notably one of the most difficult invariants of an algebraic variety to calculate. In order to compute it, one should find enough codimension-one cycles to get a strong lower bound on ρ(X), and at the same time look for an upper bound on ρ(X). In some special cases, this can be achieved by finding automorphisms or special subvarieties (e.g. lines on surfaces) on X.
In characteristic zero, the Lefschetz Theorem on (1,1)-classes implies that the Picard number of X satisfies the inequality 1 ≤ ρ(X) ≤ h 1,1 (X). For many classes of surfaces all such values actually occur: for instance, all integers ρ such that 1 ≤ ρ ≤ 20 (respectively, 1 ≤ ρ ≤ 4) do occur as the Picard number of some (projective) K3 surface (respectively, abelian surface).
Moving to positive characteristic instead, one sees that jumping phenomena for the Picard number are known to occur already in the case of surfaces. In this respect, K3 surfaces again provide an example: by a result of Igusa [8] , the Picard number of an algebraic surface X over an algebraically closed field of characteristic p > 0 satisfies the inequality ρ(X) ≤ b 2 (X). In particular, for a K3 surface X, we have that ρ(X) ≤ 22. However, one can never have ρ(X) = 21, as remarked by Artin [4] .
In fact, as we will later show in detail, jumping phenomena occur also for abelian surfaces. This latter observation was the leading motivation behind our note. Our aim is to study the possible Picard numbers of abelian varieties of a fixed dimension g. If X is an abelian variety of dimension g and ℓ is a prime different from the characteristic of the base field, it is well-known that the étale cohomology groups H ń et (X, Z ℓ ) are determined by H 1 et (X, Z ℓ ) by taking exterior powers. In particular, we have that b 2 (X) = ( 2g 2 ) = 2g 2 − g, from which we conclude that ρ(X) ≤ 2g 2 − g. We are then interested in studying which integers ρ such that 1 ≤ ρ ≤ 2g 2 − g occur as the Picard number of an abelian variety of dimension g.
Our strategy closely follows that of [6] . As the Picard number of abelian varieties is invariant under isogenies, we can use the Poincaré Complete Reducibility Theorem [11, IV, §19, Theorem 1] to choose a suitable representative in the isogeny class. Then, as the Picard number is an additive function (but not strongly additive) [11, IV, §21, Theorem 6], a result of Murty [12, Lemma 3.3] (which is independent of the characteristic of the base field) allows us to give an algorithm to compute the Picard number of any abelian variety.
This observation paves the way towards the study of the sets R (p)
g , about which very little is known. Many of the results obtained for complex abelian varieties in [6] carry over to positive characteristic, but there are also several important new features.
As one might expect, supersingular abelian varieties play a major role in this new setting. This is motivated by the fact that supersingular elliptic curves belong to a unique isogeny class, and it allows us to define a new invariant, the supersingularity index, which will be one of our fundamental tools and will be closely related to the Picard number.
As over the complex numbers, there exist gaps in the set of possible Picard numbers of abelian varieties of dimension g. However, in positive characteristic, this is already true for g = 2, while over C this phenomenon starts occurring in dimension g ≥ 3 [6] . After the bulk of the present work had been written, we were informed by Matthias Schütt of a paper of Shioda [15] , in which he notices the existence of gaps for the Picard numbers of complex abelian threefolds and of abelian surfaces in positive characteristic, see [15, Appendix] .
Another surprising difference with the characteristic zero case is the fact that the range of Picard numbers is not additive, that is there is no analogue of [6, Proposition 6.1] in any positive characteristic. This is intimately connected to the existence of supersingular abelian varieties, and we will later exhibit examples of this phenomenon.
Among the non-results, we have to mention the combinatorial structure of R (p)
g (over C, this is [6, Section 7.2]). The main obstruction to such a result is the lack of existence results for abelian varieties with given endomorphism algebra. Also, the existence of abelian varieties with certain endomorphism algebras depends on the characteristic of the base field. We hope to pursue results in this direction in the future.
Nevertheless, we were able to recover asymptotic completeness for the Picard numbers of abelian varieties, and results on the structure of abelian varieties with large Picard number, which in positive characteristic have consequences on the p-rank and the Newton polygon.
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2. AN ALGORITHM TO COMPUTE THE PICARD NUMBER 2.1. Isogeny decomposition. Let p be a prime number and g a positive integer. We are interested in studying the set R (p) g of Picard numbers of abelian varieties of dimension g in characteristic p, namely
Here, the base field K is allowed to vary among all algebraically closed fields of characteristic p. As we will work fixing the characteristic, we will use the simplified notation
g whenever there is no risk of confusion. Recall that if E is an elliptic curve over k, the absolute Frobenius automorphism F acts on the cohomology group H 1 (E, O E ) by pull-back. Since h 1 (O E ) = 1, the F-linear map F * is either zero or bijective. Whenever F * = 0, we say that E is supersingular. If now X/k is an abelian variety, we say that X is supersingular if it is isogenous to a product E 1 × · · · × E g , where g = dim X and the E i 's are supersingular elliptic curves (this definition is a consequence of [13] ).
Any two supersingular elliptic curves are isogenous: this follows, for instance, from [7, Ch. 13, Theorem 6.4] together with [7, Ch. 13, Theorem 8.4] . In light of the above results, we choose a supersingular elliptic curve E, so that every supersingular abelian variety of dimension g ≥ 1 is isogenous to E g (and we keep this choice for the remainder of this article). We will shortly see that the existence of a unique isogeny class of elliptic curves in characteristic p has deep consequences for the type of results that we are seeking.
The Poincaré complete reducibility theorem [5, Theorem 5.3.7] we resorted in [6] holds also for abelian varieties over arbitrary algebraically closed fields [11, IV, §19, Theorem 1]. Then, given an abelian variety X of dimension g, we can decompose it in its isogeny class as
Definition 2.1. The non-negative integer s ≡ s(X) is called the supersingularity index of X. Equivalently, it is the dimension of the largest supersingular abelian subvariety of X.
Notice that s = 0 corresponds to the situation where X does not contain any supersingular abelian subvariety. In this case, the Picard number should morally behave as it does over C. The supersingularity index is a new feature that makes sense in positive characteristic only, and we will later study its interplay with the Picard number. 
Thus, in order to compute ρ(X), we are left with computing ρ(A k ) for A a simple abelian variety and k ≥ 1. In [12, Lemma 3.3], Murty states without giving a proof such a result for complex abelian varieties. In [6] , the authors applied Murty's result to compute the Picard number of a self-product of a complex abelian variety. In fact, it turns out that this result is independent of the complex setting 1 .
Before stating the result, let us briefly recall the notation, and refer the reader to [2] , [1] , [3] for further details, or to [5] for a modern account. If (D, * ) is an Albert algebra, let K = Z(D) be its center, which is a number field. Set
where K 0 is the maximal totally real subfield of K. Then, the endomorphism algebras of simple abelian varieties are divided into four types:
• Type I(e): d = 1, e = e 0 and D = K = K 0 is a totally real field;
• Type II(e): d = 2, e = e 0 and D is a totally indefinite quaternion algebra over the totally real field K = K 0 ; • Type III(e): d = 2, e = e 0 and D is a totally definite quaternion algebra over the totally real field K = K 0 ; • Type IV(e 0 , d): e = 2e 0 and D is an algebra over the CM field K ⊃ K 0 . 
Murty does not give any proof of this fact, and thus we would like to give a hint on how this works.
Sketch of the proof. By [11, IV, §19, Corollary 2] we have that
where D := End(A) ⊗ Q is a division algebra. Let us now suppose that A is simple of Type I, that is D = K = K 0 is a totally real number field of degree e over Q, and the Rosati involution is trivial on D. By tensoring with R,
By the proof of [11, IV, §21, Theorem 6], the Rosati involution † acts separately on each of the factors M k (R), and we can also assume that it is given by X →X t on each factor. Then,
where, following the notation in [11] , H k (R) denotes the space of k × k symmetric matrices with real entries. It follows that ρ(
. For Type II, the computation is completely analogous, while for Type III (respectively, IV) we see that the factors of NS(A k ) are of the form H k (H) ⊕e , the space of Hermitian quaternionic matrices (respectively, H k (C) ⊕e 0 , the space of complex Hermitian matrices).
3. BOUNDS ON THE PICARD NUMBER 3.1. Bounds for self-products of abelian varieties. We will now discuss how to bound the Picard number of an abelian variety X isogenous to a self-product A k , A being a simple abelian variety. Already when k = 1, the situation is different from the one in characteristic zero. In fact, over fields of characteristic p > 0, the usual necessary conditions on the Picard number over C (see, for instance, [5, Proposition 5.5.7] ) are replaced by the sensibly weaker following restrictions:
• for Type I(e), e|g;
• for Type II(e), 2e|g;
• for Type III(e), e|g;
• for Type IV(e 0 , d), e 0 d|g.
For a survey on these conditions, see [14] . We will come back to these restrictions later on (see Section 6), but for now we will use them to bound the Picard number of A k , independently of the endomorphism type of A.
Proposition 3.1. Let X be an abelian variety of dimension g that is isogenous to a selfproduct of a simple abelian variety. Then,
unless X is supersingular, in which case ρ(X) = 2g 2 − g.
Proof.
We can assume that X = A k , with A a simple abelian variety of dimension n (so that g = nk). If A = E is an elliptic curve, then X = E g and
Otherwise, n ≥ 2, and ρ(A k ) ≤ g 2 by a Type-by-Type analysis as in [6] .
3.2.
Bounding the Picard number by length. In [6, Theorem 1.1], we showed that the range of Picard numbers of abelian varieties of dimension g exhibits gaps already for g ≥ 3.
In this section, we would like to show that an analogous result holds in positive characteristic. In order to do so, we will introduce the length of (an isogeny decomposition of) a given abelian variety. If X is an abelian variety and
is an isogeny decomposition according to the Poincaré Complete Reducibilty Theorem, then we set r(X) := r and we call r(X) the length of X. This quantity is certainly welldefined, as the factors and the powers appearing in the decomposition are determined up to isogenies and permutations.
For r ≤ g, we define the following positive integer:
This is the maximum Picard number that can be realized by using an abelian variety of dimension g and length r. Our first result concerns the value of M r,g .
Proposition 3.2.
For positive integers r, g ∈ N such that r ≤ g, one has that
This value is obtained as the Picard number of
, where E is supersingular, and the elliptic curves appearing in the product are not mutually pairwise isogenous.
Proof. Suppose X is an abelian variety of dimension g and length r. We must distinguish two cases, according to whether the abelian variety we consider contains supersingular abelian subvarieties. If X does not contain any supersingular abelian subvariety, then
. Therefore, we can assume that X contains a supersingular abelian subvariety. In this case, for a fixed supersingular elliptic curve E, one has the isogeny decomposition
By Proposition 2.2 and Proposition
consider the function
bounded from above by M := max x∈Ω { f (x)}, which we now compute. For this, just notice that (y − f (x) = 0) defines a paraboloid in R r+1 , and that the maximum of f on Ω is attained at the point of Ω that is furthest from the vertex of the paraboloid. As f is symmetric in x 1 , . . . , x r we only need to check the values of f at the points (1, . . . , 1, g − r + 1) and (g − r + 1, 1, . . . , 1). It follows that
Finally, we can easily compute that if
, where E is supersingular and the elliptic curves appearing in the product are not mutually pairwise isogenous, then ρ(Z) = M. This shows that M r,g = M, and we are done.
Corollary 3.3. Let X be an abelian variety of dimension g and length r. Then,
where E is supersingular and
As a concluding remark, let us notice that the sequence of integers
is strictly increasing.
EXISTENCE OF GAPS AND A STRUCTURE RESULT
4.1. Gaps in the sequence of Picard numbers. We will now show that, starting from dimension g ≥ 2, there exist gaps in the set of attainable Picard numbers in positive characteristic. This yields yet another difference with the characteristic zero case, as all integers ρ with 1 ≤ ρ ≤ 4 occur as the Picard number of some abelian surface over C. Our aim, in fact, is to prove the following result, which shows the existence of two precise gaps as the dimension is large enough, and computes the three largest Picard numbers for abelian varieties in characteristic p > 0 for g ≥ 7.
Theorem 4.1. Let X be an abelian variety of dimension g.
Before proving this result, let us see what happens in the low dimensional cases. We urge the reader to remember that we cannot use additivity of the Picard number (as in [6, Proposition 6.1]). ∈ R 2 (this had already been noticed by Shioda in [15, Appendix] ). It is also easy to check that R 2 ⊃ {2, 3, 4, 6} by just using products of elliptic curves. This shows that R 2 = {1, 2, 3, 4, 6}, and in particular that gaps in the set of Picard number over field of positive characteristic naturally appear already in dimension two. In characteristic zero, they first occur in dimension three, as shown in [6] .
Example 4.3. In dimension g = 3, it is straightforward to show that R 3 ⊇ {1, . . . , 7, 9, 15}: indeed, one computes the Picard number of products of elliptic curves and products of abelian surfaces (i.e. we use the knowledge of R 2 ) with a very general elliptic curve (which has Picard number one), together with the fact that a very general abelian variety has Picard number one. Now k / ∈ R 3 for 10 ≤ k ≤ 14, as one readily checks by using Propositions 2.2 and 3.1. On the other hand, one has to argue slightly differently to prove that 8 / ∈ R 3 : for this, notice that the only way of realizing 8 ∈ R 3 is to use a simple abelian variety of Type IV and dimension three. However, by using the restrictions in Subsection 3.1, it follows that this case does not occur. Hence R 3 = {1, . . . , 7, 9, 15}.
Example 4.4. For g = 4, one can similarly see that R 4 ⊇ {1, . . . , 10, 16, 28}. Also, the only way of realizing the Picard numbers ρ ∈ {11, . . . , 15} is to use simple abelian varieties of Type IV and dimension four. However, the divisibility conditions make it impossible to have an abelian variety with such Picard numbers. Therefore, we conclude that R 4 = {1, . . . , 10, 16, 28}. We will come back to this example in Section 6
Proof of Theorem 4.1. Let us consider the isogeny decomposition of X ∼ X n 1 1 × · · · × X n r r . If r(X) = 1, then ρ(X) ≤ g 2 by Proposition 3.1, unless X contains a supersingular abelian subvariety (in which case ρ(X) = 2g 2 − g). Therefore, we can assume that r(X) ≥ 2.
In this case, let us write X ∼ A 1 × A 2 , where Hom(A 1 , A 2 ) = 0, and let us set n := dim A 1 , so that dim A 2 = g − n and 1 ≤ n ≤ g. Now, if X does not contain any supersingular abelian subvariety, then ρ(X) ≤ (g − 1) 2 + 1 by [6, Theorem 1.1]. Otherwise, we can suppose that A 1 = E n , where E is a supersingular elliptic curve. By Propositions 2.2 and 3.1,
Consider now the function of one real variable
over Ω :
and it is achieved by the abelian variety E g−1 × E ′ , where E is supersingular and E ′ is not isogenous to E. Now, notice that M = M 2,g , so that, in order to obtain (1), we only need to impose the condition g 2 ≤ M, which is satisfied for g ≥ 5.
As for (2), notice that if r(X) ≥ 3, then ρ(X) ≤ M 3,g . Therefore, we can assume that r(X) ≤ 2. If r(X) = 1, Proposition 3.1 implies that ρ(X) ≤ g 2 , unless X is supersingular. Hence, we are left with the case r(X) = 2. In this case, if X does not contain any supersingular abelian subvariety, the proof of [6, Theorem 1.1] shows that ρ(X) ≤ (g − 2) 2 + 4. Let us now assume that X does contain a supersingular subvariety, that is, we can write X in its isogeny class as X ∼ E n × A, where E is a supersingular elliptic curve.
We distinguish two cases, according to the isogeny decomposition of A. If A ∼ F g−n , F being an elliptic curve not isogenous to E, then the proof of Part (1) shows that ρ(X) ≤ 2(g − 1) 2 − (g − 1) + 1. Since the maximum value is achieved for n = g − 1, let us now assume assume 1 ≤ n ≤ g − 2 and come up with a sharper bound. Under this condition, the largest possible Picard number is 2(g − 2) 2 − (g − 2) + 4, and it is achieved for n = g − 2 and F an elliptic curve with complex multiplication. Finally, if A has dimension at least two, then n ≤ g − 2 and thus the same considerations of the previous case apply, and we are done. abelian varieties in characteristic p are isogenous to a self-product of a supersingular elliptic curve. Being supersingular is also equivalent to having Picard number equal to the second Betti number. This means that, for an abelian variety, having maximal Picard number forces the isogeny class to have a very specific structure. In fact, such a structure result also holds for abelian varieties having the second and third largest Picard number. Theorem 4.5. Let X be an abelian variety of dimension g.
(1) Suppose g ≥ 6. Then,
where E is supersingular and it is not isogenous to F.
where E is supersingular and F is an elliptic curve such that
Proof. The "if" implications in (1) and (2) are immediate. Conversely, suppose that ρ(X) = 2(g − 1) 2 − (g − 1) + 1. As ρ(X) = M 2,g , we must have r(X) ≤ 2. By Proposition 3.2, in order to prove (1) , it suffices to show that r(X) = 2. If r(X) = 1, then ρ(X) ≤ g 2 (X cannot be supersingular). Now, the condition g ≥ 6 ensures that g 2 < 2(g − 1) 2 − (g − 1) + 1, yielding a contradiction. Therefore, r(X) = 2 and (1) is proven. As for (2), if ρ(X) = 2(g − 2) 2 − (g − 2) + 4, then ρ(X) > M 3,g and r(X) ≤ 2. As in the previous case, g ≥ 8 implies that r(X) = 2. Now, if X does not contain any supersingular abelian subvariety, then ρ(X) ≤ (g − 2) 2 + 4 by [6, Theorem 4.2]. Otherwise, we can write X ∼ E n × A, E being a supersingular elliptic curve and A an abelian variety with Hom(E, A) = 0. If A ∼ F g−n , F being a non-supersingular elliptic curve, then ρ(X) ≤ 2(g − 1) 2 − (g − 1) + 1 and the maximum possible is attained for n = g − 1, which contradicts the hypothesis on ρ(X). Hence, we can assume that 1 ≤ n ≤ g − 2 and obtain the bound ρ(X) ≤ 2(g − 2) 2 − (g − 2) + 4, which is attained only for n = g − 2 and F an elliptic curve with End(F) ⊗ Q ∼ = Q( √ −d), for some d > 0. Finally, if A is a self-product of an abelian variety of dimension at least two, a similar argument shows that ρ(X) ≤ 2(g − 2) 2 − (g − 2) + 4, and the maximum is attained only for n = g − 2 and A is a self-product of a simple abelian variety of CM-type (necessarily of dimension one or two). However, by [14, Proposition 6.1], one sees that A must be isogenous to a self-product of an elliptic curve F with
, and we are done.
Although the above result recovers the picture in characteristic zero, the proof shows how abelian varieties of CM-type can now appear as fundamental blocks for the structure of abelian varieties of large Picard number. In fact, the proof of Theorem 4.5(2) uses in a fundamental way a structure result for the endomorphism algebra of simple abelian surfaces [14, Proposition 6.1], as opposed to the proof of [6, Theorem 4.2] which is purely combinatorial. For further remarks on abelian varieties of CM-type and their Picard number, we defer to Section 6.
ASYMPTOTIC RESULTS

Asymptotic density of Picard numbers.
We have shown how the set R g is not complete already if g ≥ 2, that is #R g < 2g 2 − g. Instead, we will now prove that asymptotic density of Picard numbers holds in any positive characteristic. As in [6] , the density of R g in [1, 2g 2 − g] ∩ N is the quantity δ g := #R g /(2g 2 − g), and, by taking the limit, the asymptotic density of R g is defined to be δ := lim g→+∞ δ g . Our result is the following: Proof. The proof follows the lines of [6, Theorem 7.1]: pick n ∈ N such that n ≤ 2g 2 − g, and let n 1 ∈ N be the largest integer such that
, which in turn implies that
Set m := n − 1 − (2n 2 1 − n 1 ), and write m as a sum of four square by Lagrange's Theorem on four squares: m = n 2 2 + n 2 3 + n 2 4 + n 2 5 . We claim that ∑ 5 i=1 n i < g for g ≫ 0. By using the power mean, we find n 2 + n 3 + n 4 + n 5 ≤ 2 1 + 16g 2 − 8g − 7, from which it follows that
It can be checked that this the right-hand side is smaller than g if and only if n < 2g 2 − 16g g + 1 + 32(g + 1). Now, we are done by virtue of the next obvious result.
Lemma 5.2. Suppose g ≥ 1 and 1 ≤ n ≤ 2g 2 − g, where g, n ∈ N. Assume that there exist positive integers n 1 , . . . , n k such that
Then, there exists a g-dimensional abelian variety X with ρ(X) = n.
Asymptotic distribution of Picard numbers.
Let R * g be the set of Picard numbers of abelian varieties of dimension g and vanishing supersingularity index. We introduce a new subset of R g , namely
n . This is the subset of R g obtained by translating R * n to the right. Notice that these are exactly the Picard numbers that can be attained by using products of the form A n × E g−n , where A n has dimension n and vanishing supersingularity index, and E is a supersingular elliptic curve. The reader has certainly realized that, unlike in [6, Subsection 7.2], we really cannot take x ∈ R n , exactly because supersingular abelian varieties of a given dimension are all mutually isogenous. This will be explained in greater detail in Section 6.
Analogously to [6] , we will now define "large" Picard numbers. First of all, we will only concern ourselves with those Picard numbers ρ > g 2 . Thus, the abelian varieties involved in our analysis have necessarily nonzero supersingularity index. Morally, an abelian variety with vanishing supersingularity index behaves as if it were defined over C. Formally, this is a consequence of Propositions 2.2 and 3.1.
Secondly, by Theorem 4.1, we know that R g,a ∩ R g,b = ∅, for small a, b ∈ N, and therefore we will only consider those set of the form R g,n that are mutually disjoint. More precisely, we are asking that the following two numerical conditions be satisfied:
For a fixed g, we say that a Picard number ρ ∈ R g is large if there exists n ∈ N such that ρ ≥ [2(g − n) 2 − (g − n)] + 1 and n satisfies conditions (1) and (2). We can make this condition numerically precise.
n is a large Picard number if and only if
In the next result, we study the distribution of large Picard numbers in the interval [1, 2g 2 − g]. As a byproduct, we deduce that there are more and more gaps in R g as g → +∞. 
In other words, for all g ≥ g ℓ , the Picard numbers in R g are distributed as follows:
For sake of brevity, we will not report the proof of the theorem above, since it follows the lines of the proof of [6, Theorem 7.4].
Structure of abelian varieties with large Picard number.
We will now remark that a striking consequence of Theorem 5.4 is a description of the structure of abelian varieties of large Picard number. First, we can describe the isogeny classes of abelian varieties of large Picard number: the proof is analogous to the one of [6, Corollary 7.6] , and thus we omit it.
Corollary 5.5. For every positive integer ℓ, there exists a genus g ℓ such that for all g ≥ g ℓ and n ≤ ℓ the following conditions are equivalent:
This result describes the isogeny structure of abelian varieties of large Picard number. Namely, under the assumption of the theorem, ρ(X) ∈ R g,n is equivalent to X being isogenous to a product E g−n × A n , where A n is an abelian variety of dimension n with Hom(E, A n ) = 0 (in particular, s(A n ) = 0).
Moreover, the Picard number also affects the p-rank. In order to see this, recall that for an abelian variety X/k of dimension g, X[p](k) ∼ = (Z/pZ) f for some integer f satisfying 0 ≤ f ≤ g. The integer f is called the p-rank of X. If X is supersingular, then X[p](k) = 0. However, outside of dimension one and two, the converse is false: for every g ≥ 3, there exists an abelian variety X of dimension g that is not supersingular and has no p-torsion k-rational points [10, Ch. 0.6].
Proposition 5.6. For every positive integer ℓ, there exists a genus g ℓ such that for all g ≥ g ℓ and n ≤ ℓ the following holds: if ρ(X) ∈ R g,n , then for the p-rank f of X we have that f ≤ n.
Proof. By definition of supersingular elliptic curve, the supersingular part of a Poincaré isogeny decomposition of X does not contribute to X[p](k).
Except for a few cases, all values of the p-rank do occur. More precisely:
• if ρ(X) = 2g 2 − g, i.e. X is supersingular, then clearly f (X) = 0;
• if ρ(X) ∈ R g,1 , then f (X) = 1 in this case, because an elliptic curve is supersingular if and only if its p-rank vanishes; • if ρ(X) ∈ R g,2 , then f (X) ∈ {1, 2} and both cases do occur;
• if ρ(X) ∈ R g,n (n ≥ 3), then f (X) ∈ {0, 1, . . . , n} and all cases do occur.
Here, we have used the following facts:
, A g being the moduli space of principally polarized abelian varieties 2 of dimension g;
• dim S g,1 = g 2 /4 (integral part of g 2 /4), where S g,1 is the subscheme of A g consisting of supersingular abelian varieties; • if V f is a connected component of the subscheme of A g consisting of abelian varieties with p-rank at most f , then dim V f = 1 2 g(g + 1) − g + f . We also would like to observe that the Newton polygon of an abelian variety has a very special structure when the Picard number is large. Indeed, we need only look at the Newton polygon Nwt H of the F-crystal H := H 1 crys (X/W), as there are F-crystal isomorphisms n H 1 crys (X/W) ∼ = H n crys (X/W) for all n (here W = W(k) is the ring of Witt vectors). Moreover, the Newton polygon is invariant under isogenies, and thus we can use Corollary 5.5 to list the Newton polygons of abelian varieties of large Picard number. Indeed, if X has large Picard number ρ(X) ∈ R g,n , we may assume X = E g−n × A, E being a supersingular elliptic curve and A an abelian variety with vanishing supersingularity index. Then, by the Künneth formula,
crys (A/W), and we can deduce the structure of Nwt H from that of the Nwt H 1 crys (E/W) and Nwt H 1 crys (A/W) .
FURTHER REMARKS AND COMMENTS
6.1. Dependence on the characteristic. Now, we would like to compare Proposition 3.1 to the corresponding result in characteristic zero [6, Corollary 2.5]. For Type IV, the bound in positive characteristic is sensibly weaker than the one over the complex numbers, and in fact it is the best possible. To see this, let us restrict ourselves to self-products of an abelian variety A of dimension n ≥ 2. In this situation, for Type IV, one has that ρ(A k ) ≤ nk 2 when working over 2 As is well-known, every g-dimensional abelian variety is isogenous to a principally polarized one.
C, while in characteristic p > 0 the weaker bound ρ(A k ) ≤ (nk) 2 holds and the value ρ(A k ) = (nk) 2 can be attained for abelian varieties of CM-type (cf. [11, IV, §19] ).
More concretely, in characteristic zero, ρ(X) = g 2 if and only if X is isogenous to E g , E being an elliptic curve with complex multiplication [9] . On the other hand, in positive characteristic, we will now show that certain g-dimensional abelian varieties of CM-type have Picard number ρ = g 2 . In fact, we can restrict ourselves to the case of a simple abelian variety.
Let A be a g-dimensional simple abelian variety of CM-type, having Picard number ρ(A) = g 2 . Then, it is straightforward to see that it necessarily has endomorphism algebra of Type IV(e 0 , d) with e 0 = 1 and d = g. This case never occurs in characteristic zero thanks to the restrictions in Subsection 3.1, and by [14, Remark 5.4 ] the situation in positive characteristic depends on the characteristic of the base field. More precisely,
• if p is not-split in D/Q of Type IV(1, g), then D does not occur as endomorphism algebra unless g = 1;
• if p is split in D/Q instead, then it can occur: in fact, for any choice of 0 < m < n with (m, n) = 1 and m + n = g, there exists an abelian variety of dimension g with endomorphism algebra of Type IV(1, g).
This shows yet another pathology: given a positive integer g and an Albert algebra (D, * ) satisfying the restrictions in Subsection 3.1, the existence of a simple abelian variety with endomorphism algebra isomorphic to D depends on the properties of p as an element of D.
6.2. Non-additivity of the R g 's. Let us go back to the computation of R 4 . As R 2 = {1, 2, 3, 4, 6}, if we were in characteristic zero, we could immediately conclude that 12 ∈ R 4 by [6, Proposition 6.1]. However, this is not the case in characteristic p > 0: indeed, ρ(A) = 6 if and only if A is a supersingular abelian surface, and in order to produce 12 ∈ R 4 one would naively take a product A × A ′ of two such surfaces. Unfortunately, these are always isogenous, hence ρ(A × A ′ ) = 28. This shows yet another pathological behavior of the Picard number.
In fact, this phenomenon is not restricted to dimension four, but it occurs in every dimension g ≥ 4. For g ≥ 7, one has that R g−2 + R 2 R g : indeed, the largest Picard number in dimension g − 2 is 2(g − 2) 2 − (g − 2), while it is 6 in dimension two. Additivity would imply that 2(g − 2) 2 − (g − 2) + 6, which contradicts Theorem 4.1 (2) . In lower dimension, one can compute R g directly and see that the same argument applies, namely 21 / ∈ R 5 (but 15 ∈ R 3 and 6 ∈ R 2 ) and 34 / ∈ R 6 (whereas 28 ∈ R 4 and 6 ∈ R 2 ). In conclusion, this provides counterexamples to the additivity of the range of Picard numbers in positive characteristic in all dimensions g ≥ 4.
6.3. Yet another obstruction to addivity of the R g 's. We have just seen that one obstruction to an analogue of [6, Proposition 6 .1] in positive characteristic is the presence of supersingular abelian varieties. However, at a closer look, this is not an crucial issue if one's aim is to describe the structure of R g recursively as in [6, Section 6] . We have already seen a hint to a possible fix in Subsection 5.2: letting R * g be the subset of R g consisting of those Picard numbers that can be attained by using abelian varieties with vanishing supersingularity index, one can formulate the following conjecture.
Conjecture 6.1. The set of Picard numbers of g-dimensional abelian varieties can be described as follows:
This makes sense as the integers in R * g morally behave as the Picard numbers of complex abelian varieties. Also, notice that we have excluded the counterexamples of Subsection 6.2. In fact, the conjecture above would follow from: To prove Conjecture 6.2, one can reduce to considering simple abelian varieties, and then carry on a Type-by-Type analysis. Unfortunately, here is where the theory of abelian varieties fails us: in fact, it is very hard to construct abelian varieties of given dimension and endomorphism algebra (satisfying the restrictions in Subsection 3.1). Moreover, it is not even known whether an endomorphism algebra of Type III or IV satisfying said restrictions always exists (this might also depend on p as we have already seen earlier). Further results on this topic are surveyed in [14] (in particular, [14, §8] contains a quick list of all known cases and open questions).
6.4. Abelian varieties over finite fields. By [6, Corollary 8.2] , it is known that, for every positive integer g, every realizable Picard number ρ ∈ R g of a complex abelian variety can in fact be realized over a number field. The argument therein use the technique of spreading out plus some considerations on Galois representations. One might hope for an analogue in positive characteristic, where one replaces numbers fields by finite field. However, the argument above does not carry over to positive characteristic.
In fact, the obstruction to such a result is deeply substantial and comes from the Tate conjecture. Let us fix a positive integer g and let X be an abelian variety defined over a finite field k. Then, the Tate conjecture implies that the 2 nd Betti number has the same parity of the Picard number, that is b 2 (X) ≡ ρ(X) mod 2. This has been first noticed by Swinnerton-Dyer, as explained by Artin in [4] (see also [16] ).
Nevertheless, one may wonder whether all ρ ∈ R g such that ρ ≡ b 2 mod 2 occur as Picard numbers of abelian varieties over finite fields. This seems to be a rather subtle question, and we will now try to illustrate why.
Let ℓ ≥ 3 be a positive integer, and let g ℓ be as in Theorem 5.4. Fix g ≥ g ℓ , and let ρ ∈ R g,n with g ≡ n mod 2 and n ≥ 3. If X has Picard number ρ = 2(g − n) 2 − (g − n) + 1, then X ∼ E g−n × A n as in the comment right after Corollary 5.5 and ρ(A n ) = 1. Although, E is indeed defined over F p 2 , A n can never be defined over a finite field. Indeed, by a result of Tate [17, Theorem 2] ,
As ρ(A n ) = 1, A n must be simple and its endomorphism algebra is either Q, a quaternion algebra over Q or a quadratic imaginary field, all of which contradict Tate's result.
This implies that E g−n × A n is not defined over a finite field, but does not exclude that some other element in the isogeny class of X might be.
6.5. Noether-Lefschetz loci for abelian varieties (char p ≥ 0). We would like to make a couple of remarks on (higher) Noether-Lefschetz loci for abelian varieties. In [6, Remark 4 .3], we had already notice that the moduli of complex abelian varieties does not behave as well as the moduli of K3 surface with respect to the Picard number. The reason for this was that the moduli information of an abelian variety X/C can be read off from a weight-one Hodge structure, while the information on the Picard number lives in degree two. A similar behavior occurs for abelian varieties in positive characteristic: this is a consequence of Theorem 4.5. As a byproduct, we will now see that we do not have well-behaved (higher) Noether-Lefschetz loci (NL loci in short). Let us fix a positive integer g (which we take large enough, so that our consideration make sense, see Theorem 4.5), and let r ≥ 1 be another integer. One can naively define the following analogue of the Noether-Lefschetz loci:
Notice that, in any characteristic, the existence of gaps in the set of Picard numbers implies that many of these NL loci coincide. More precisely, if r / ∈ R g then NL g (r) = NL g (r + 1). Now we look at the situation for complex abelian varieties and some of the largest Picard numbers by making use of the results in [6] . It is straightforward to see that NL g (g 2 ) consists of singular abelian varieties, and dim NL g (g 2 ) = 0. Moving to the second largest Picard number, we have that
cm × F, E ∼ F , where the subscript stands for complex multiplication, and dim NL g (g − 1) 2 + 1 = 1. Next,
cm , E ∼ F , and also in this case dim NL g (g − 2) 2 + 4 = 1. Finally, we consider
cm × S II(1) , where F ord denotes an ordinary elliptic curve (that is End(E) ⊗ Q ∼ = Q) and S II(1) a simple abelian surface of Type II(1); one can see that dim NL g (g − 2) 2 + 3 = 1 by results in [5, Ch. 9 ]. So we see that, although we are always adding new abelian varieties, the dimension of the NL loci might not increase upon lowering the bound on the Picard number.
However, if we are willing to bundle together certain Picard numbers, then we can get loci of A g that behaves quite nicely in this respect, at least if we work with large Picard numbers. Fix ℓ ∈ N and let g ℓ be as in [6, Theorem 7.4] . Then, for r ≤ ℓ, we can define the following locus in A g : L g (r) := [X] ∈ A g | ρ(X) ∈ R g,n , for some n ≤ r .
Equivalently, L g (r) is the locus in A g consisting of abelian varieties having Picard number ρ ≥ (g − r) 2 + 1. By [6, Corollary 7.6] , it can alternatively be defined as the sublocus of A g of those abelian varieties containing a subvariety Y isogenous to E g−r cm , E cm being again some elliptic curve with complex multiplication; in symbols:
We observe that L g (0) = NL g (g 2 ) and L g (1) = NL g (g − 1) 2 + 1 . Also, there is a chain of strict inclusions of subloci of A g , namely
If X ∈ L g (r), then X ∼ E g−r cm × A, for some abelian variety A of dimension r, and generically Hom(E cm , A) = 0. This means that L g (r) is a countable union of subvarieties of A g of dimension dim A r .
Turning to positive characteristic, the same approach works by virtue of Theorem 4.5, Theorem 5.4 and Corollary 5.5, and we can define the subloci L g (r) of A g . However, counting dimensions yields that L g (r) is now a countable union of subvarieties of dimension dim S g−r,1 + dim A r .
When r > ℓ, the loci L g (r) do not behave as nicely, since the sets of the form R g,r may intersect each other and hence there are ambiguities on the structure of the corresponding abelian varieties up to isogenies. 6.6. R g vs. R * g . Recall that in Section 5, we have introduced the subset R * g of Picard numbers of abelian varieties of dimension g and vanishing supersingularity index. For sake of completeness, we would like to report a few computations on R g and R * g , so that the reader can convince him-or herself that these sets differ more and more as g → +∞. We have not proved this rigorously, but we do expect that #(R g \ R * g ) → +∞ as g → +∞. In the following, the numbers in bold indicate Picard numbers that can be achieved with abelian varieties with nontrivial supersingularity index only (i.e. they constitute R g \ R * g ), and thus R * g consists of the numbers not in bold. 
